SmartDCA superiority
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Dollar-Cost Averaging (DCA) is a widely used technique to mitigate volatility
in long-term investments of appreciating assets. However, the inefficiency of
DCA arises from fixing the investment amount regardless of market conditions.
In this paper, we present a more efficient approach that we name SmartDCA,
which consists in adjusting asset purchases based on price levels. The simplicity
of SmartDCA allows for rigorous mathematical analysis, enabling us to establish
its superiority through the application of Cauchy-Schwartz inequality and Lehmer
means. We further extend our analysis to what we refer to as p-SmartDCA, where
the invested amount is raised to the power of p. We demonstrate that higher val-
ues of p lead to enhanced performance. However, this approach may result in
unbounded investments. To address this concern, we introduce a bounded ver-
sion of SmartDCA, taking advantage of two novel mean definitions that we name
quasi-Lehmer means. The bounded SmartDCA is specifically designed to retain
its superiority to DCA. To support our claims, we provide rigorous mathematical
proofs and conduct numerical analyses across various scenarios. The performance
gain of different SmartDCA alternatives is compared against DCA using data from

SEP500 and Bitcoin.

The results consistently demonstrate that all SmartDCA

variations yield higher long-term investment returns compared to DCA.

I. Introduction

Dollar Cost Averaging (DCA) is a com-
mon investment strategy, where an investor
puts regularly a constant fraction of her
wealth into the same asset to outperform
the return that she would get by putting all
her capital in an asset at once [1, 2]. Other
more sophisticated investment strategies
have been shown experimentally to outper-
form the DCA [3, 4, 5]. However, it is often
hard to prove that these strategies can sys-
tematically outperform the DCA.

In this work, we provide mathematical
proof for a simple investing strategy that
can outperform the DCA in any market
condition, which we call the SmartDCA.
Essentially it consists in regularly investing
an amount of money that is inversely pro-
portional to the current price of the asset.
Similar approaches have been used before,
without a rigorous mathematical justifica-
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tion [3, 4, 5], and thus only claiming em-
pirically their superiority, in simulation or
on historical data. Instead, we show that
it is possible to have investment strategies
that are provably better than DCA, with-
out any assumption on the market. For
that, we had to introduce new definitions
of means that are generalizations of the
Lehmer mean, and for that reason, we call
quasi-Lehmer means, in analogy with quasi-
arithmetic means [6, 7, 8. We show on
historical S&P500 and Bitcoin data, that
investing through the SmartDCA system-
atically improves the return on investment
with respect to DCA.

II. SmartDCA: using the price ratio

We start by proving mathematically how
regularly investing in an asset a quantity of
money that is inversely proportional to the
current price, results in a better cost per
unit of the asset. For the sake of clarity, we
first show how it is the case when only two
trades are considered in Sec. II.A, and then
we prove it for any number of investment
events in Sec. I1.C.
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A. Mean cost of 2-buying times

We study three scenarios of investment
and compare them mathematically in order
to prove what is the best strategy for in-
vesting in an arbitrary asset. Consider buy-
ing a good, for example gas, every month,
anything that one would recurrently buy.
The question we ask is whether it is more
advantageous to buy a fixed quantity of
gas (Regular Investing), than buying vary-
ing amounts of gas at a fixed cost (DCA).
Next, we explore the intuition that when
the price of gas is low, it is in our interest
to buy more, and less when the price is high
(SmartDCA).

FIRST SCENARIO: REGULAR INVESTING (RI)

This scenario consists in buying at two
times, t; and t,, a quantity ¢ of an asset.
At t; the price is p;, and p, is the price at
ty. The total cost ¢;,; that is spent is:

(1) Ciot = P19 + P2gq

For example, let’s say one bought half a
litre of gas ¢ = 0.5L at each time step, p; =
0.5%, p» = 1.5% the total quantity is g, =
2qg = 1L, for a total cost of ¢, = 2%. For
the first scenario, the average cost per litre

of gas trr = Crot/ Qo i

D19 + D2q
2 =
( ) HRI 2
P11+ D2
3 p—
3) :

In that case, the regular investing strat-
egy turns out to give an average cost Eq. (3)
equal to the arithmetic mean of the prices.
With the gas example, the average price
would be pg; = 18/L.

SECOND SCENARIO: DOLLAR COST AVERAGE
(DCA)

Now let’s say that instead of buying a
fixed amount of gas, one decided to al-
ways spend the same amount of money, at
a fixed cost ¢: this is the Dollar Cost Aver-
age (DCA). At each time step, the quantity
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q that is bought, is different. This quantity
depends on the price p of one unit of asset:

(4) q=c/p

In the gas example, if the price of one litre
is 2$/L, and one decides to buy for a cost
¢ = 18, then trivially, he bought a quantity
q = 0.5L. This time the total cost is:
(5) Ciot = C+Cc=2c

The total quanity g;.; of the asset is:

(6) Qtot = C/p1 + C/p2

So, in the end, for the second scenario,
the price per unit of asset is simply:

2c _ 2p1p2
c/pi+c/ps P14 D2

(7) Upca =

The average price in the case of the DCA
is well known in statistics, as it is the har-
monic mean. This is interesting because
Eq. (3) and Eq. (7) are related in a well-
known inequality, explaining why DCA is
superior to RI:

2
®) p1+ P2 > P1D2
2 p1+ P2

which means that we pay less for the same
amount of asset.

Following our example with gas, the aver-
age price for the DCA is pupca = 0.75%/L,
which is indeed inferior to pur; = 1$/L.

Note that when p; = p, the two scenarios
give the same price per unit, by replacing
in Eq. (3) and Eq. (7):

2p

(9> HRI :721 =D1
21712

10 = =

( ) Hpca 2, b1
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THIRD SCENARIO: SMARTDCA

Now we are going to explore a last sce-
nario, where instead of buying at a fixed
cost, irrespective of market conditions, we
are going to optimize things by applying the
following logic: if the price is higher, then
we want to buy less, and vice-versa. We
call this method the SmartDCA. First, at
t;, we buy for a base cost ¢; = ¢,. Next, at
to we buy for a cost that will depend on the
price movement and the base price:

Y41

11 Co = Cp—

() ’ P2
Now the total quantity g:.; of the asset to

buy is:

Cy Cy P
(12) Qrot = — + ——
b1 P2Dp2

Which, with some arithmetic, gives:

2 2
P tp
(13) Qtot = Cp ( - 22 )
DP1p2

The total cost of these transactions is:

(14) Ctot = Cp + Cb&
D2
that results in the price per unit
HSmartDCA = Ctot/qtot:
Cp + Cb]%

(15) HUSmartDCA = 124 pa?
Cb( p1p2? )

We rewrite to obtain the final form:

D1+ P2
(16) HSmartDC A p1p2p12+p22

This mean is inversely proportional to
the contraharmonic mean. With our pre-
vious gas prices, we have a price per unit
of ftsmartpca = 0.6%/L, which is inferior to
wpca- Note that when p; = py all three
scenarios still give the same price per unit,
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using Eq. (16):

3 3
p1° + P2
S HsmartbeA =
2p13
18 = =
(18) 2,2 D1

(19) HSmartDCA = DCA = URI = D1

B.  Suppremacy of SmartDCA for 2-buys

To actually provide a real proof, we need
to show that the inverse of the contrahar-
monic mean (SmartDCA), is inferior or
equal to the harmonic mean (DCA). For
ease of notation, we will consider x = p;
and y = py in the following proof. So we
need to solve the following inequality:

Ty 22y + 1y

20 2
( ) x_}_y— $2—|—y2

and with some arithmetics we obtain:

2 Tty
21 >
(21) Y e
2 2
(22) i N
(z+y)?
(23) 202" +y") — (@ +9)* >0
Simplifying:
(24) 2?4y —2zy >0
(25) (z-y)*=0

which is a well-known polynomial identity,
and trivially, a square cannot be negative,
so this is true for all z and y. It means
that the difference between the DCA and
the SmartDCA scales as the square of the
difference between p; and p,, and as seen
previously, when p; = p,, they are equal.

C.  Supremacy for m-buys

In the most general form, we want to
see if after m buys performed by the in-
vestor using the SmartDCA, the cost per
unit of asset is better than using DCA.
Essentially the quantity to invest accord-
ing to the SmartDCA has to be inversely
proportional to the price, but to make it
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unitless we will multiply it by a reference
price of our choice p,, and therefore the
vanilla SmartDCA suggests investing p, /p;
at time 4. We prove in App. A that:

Theorem 1 (SmartDCA superiority over
DCA). Over m-buying events, investing
through the SmartDCA results in better
price per unit than investing through DCA.

D. Generalization to p-SmartDCA

If we want to be even more general, let’s
consider investing (p,/p;)? regularly at the
i-th buying event, and let’s call the result-
ing strategy the p-SmartDCA, which gives
an average price per unit of the asset u,.
Again, p, is the price of reference and will
be kept constant. The interest in using such
exponent is that when the price is above the
price of reference, it will result in even less
investing, and when the price is inferior, it
will exponentially increase. In the follow-
ing, we will demonstrate that this strategy
gives superior results. After the Theorem
statement, we show the proof of superior-
ity. We use it to introduce the concept
of Lehmer mean [6], necessary for the even
more general Thm. 4 that will follow.

Theorem 2 (p-SmartDCA improves
with higher p). Investing through the
p-SmartDCA, higher p results in better
price per unit, over m buying events.

PROOF:

We proceed as before, at each time step,
we invest an amount proportional to a base
cost ¢, take the ratio of the reference price
p, and the current price, and then raise it
to the power of p. We therefore buy a total
quantity g for a total price c:

p p
C:Cb<pr) _"Cb(m) +
b1 P2

P
Pr
26 o tc <>
(26) ’ Pm
qzcb(w>”+0b<%>”+...
D1 \P1 P2 \P2
P
(27) ...+C’><p’“>
pm, an,
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Since p, is constant, we will use the ratio
r; = p./p; as our base of reference for the
calculus:

(28) 0= ()
(29) c= cb( vm rf)

and we are interested in the mean price per
unit of asset:

c S or?

30 I - 1=1"1

( ) IUP q p Z:il 7/‘574»1
Now, notice the similarity with the

Lehmer mean [6]:

Do ]
(31) L,(x) T
D i1 T
We will make use of the fact that
p <) — L < L [
Using the notation » = p,.(1/p) =

pr(1/p1,1/p2, -+, 1/pm), If p < p' we can
write the mean cost of a unit of the asset
as:

S
(32) Mp — pr ZﬁillT‘.erl
Pr
33 = —
%) Lya(r)
DPr
34 > —_— = ’
( ) = Lp/+1(7") IU’P

and therefore, the higher the p, the better
the average price per unit. QED.

Notice that p = —1 corresponds to the
Regular Investing strategy and p = 0 to
the DCA. Therefore, both can be consid-
ered to belong to a more general family of
investing strategies, the p-SmartDCA. As
a consequence of Theorem 2, any p > 1
will outperform the SmartDCA, any p > 0
will outperform the DCA and any p > —1
will outperform Regular Investing. More-
over, if p — 00, Lo () = max{r} [10], thus
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too = P/ max{r} = min{p}, and we have
a lower bound for the best strategy price
per unit. Therefore, all these strategies are
connected by their price per unit u,, in the
following inequality:

Pt = o = o = min{p}

E. Generalization to (f)p-SmartDCA

Now, the drawback of wusing the
p-SmartDCA as above is that it will
potentially ask you to invest more money
than you have if the price is sufficiently
low. Indeed, we have (p,./p;)’ — oo as
p; — 0, which happens exponentially faster
with p > 1. For that reason, we propose
two modifications that can be defined to
have a maximal investment amount. In
the in version, for every buying event, we
invest ¢, f((p,/pi)”), and in the second out
version we invest ¢, f(p,/p;)?, where in, out
are just a reminder of the positioning of
the power with respect to f. Notice that
the results in this section hold for any
f positive monotonic increasing, and for
example, if f is the identity, we recover the
unbounded p-SmartDCA as a special case.
However, we are interested in f bounded,
such as the function tanh, since in that case
the strategy could only ask the investor for
a maximal investment of ¢,. To be able to
tackle this more general case, we introduce
two new means that we call quasi-Lehmer
means, taking the form:

@ e - Sand

(36) L3 (@) = m

where the naming choice is to draw the par-
allel with quasi-arithmetic means. In fact,
we prove in App. B that:

Theorem 3 (quasi-Lehmer means mono-

tonicity). If p < p' and f is posi-

tive and monotonic increasing then
¢ (out)

Le(x) < LJ"(x), and therefore

Lev(x) is monotonic increasing with
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p. However, L™ (x) is not in general
monotonic increasing with p.

We show in App. B that a similar The-
orem holds for what we call the quasi-
Lehmer moments and the quasi-Lehmer ex-
pectations. We use this Theorem to prove
in App. C, that the out version of the
(f)p-SmartDCA improves with p:

Theorem 4 (The higher the p, the
better the (f)p-SmartDCA©™)). Investing
through the (f)p-SmartDCAC™ results in
better price per unit over m-buying events,
if we increase p.

Given that we recover the DCA strategy
as we set p = 0, the last Theorem also im-
plies that (f)p-SmartDCAC*) outperforms
DCA. If f is chosen to be bounded, it does
so without incurring into the risk of exorbi-
tant investments that could be suggested by
the unbounded p-SmartDCA. Given that
we proved above that DCA outperforms
RI, it follows that (f)p-SmartDCA ") also
outperforms RI.

ITI. Numerical Analysis

A. (f)p-SmartDCA outperforms DCA for
any p experimentally

We show in Fig. 1 the effect that p
has on u, the price per unit of the asset,
for p-SmartDCA, (f)p-SmartDCAC™ and
(f)p-SmartDCA©), We can see that all
of them outperform the DCA, in the sense
that all have lower price per unit u. The
price is simulated as samples from a uni-
form distribution between zero and two.
This stresses that our strategies outper-
form the DCA even in the lack of mar-
ket trends. The unbounded p-SmartDCA
achieves the lowest price per unit, but it re-
sults in absurd investments required when
the prices are very low, as can be seen in the
lower panels. (f)p-SmartDCA(") tends to
achieve better p than (f)p-SmartDCAG™,
with the added advantage of being al-
ways provably better than DCA. The three
columns in the plot correspond to three
different f: tanh, sigmoid and what we call
the sin-1, a function that goes from zero to
one as a sin, and then stays at one.
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FIGURE 1. SmartDCA outperforms DCA for any
p > 0 choice. WE SIMULATE THE BEHAVIOUR OF AN IN-
/— tanh /sigmoid /—sin—l VESTOR THAT PUTS MONEY REGULARLY INTO AN ASSET.
THE PRICES OF THE ASSET AT BUY TIME ARE 100 SAMPLES

= FROM A UNIFORM DISTRIBUTION FROM ZERO TO TWO. WE
gE
E = 02- PLOT THE PRICE PER UNIT AND INVESTED QUANTITY FOR
j5
= THREE CHOICES OF f. ALL SMARTDCA VARIANTS MAN-
0.0- AGE TO BUY AT A LOWER PRICE THAN THE DCA, FOR
100- ANY CHOICE OF p. HOWEVER, UNBOUNDED SMARTDCA
(ORANGE) CAN SUGGEST EXORBITANT AMOUNTS TO IN-
350-
& VEST IF THE PRICE IS LOW ENOUGH, AS SEEN IN THE
% E a290-
¢ §300 k LOWER PANELS. ONLY (f)p-SMARTDCA(°%) (GREEN) 18
= T 2s0- PROVABLY AND UNCONDITIONALLY BETTER THAN DCA,
200- | o o ‘ WITHOUT INVESTMENT AMOUNTS THAT BLOW UP WITH
20 0 20 0 20
0 o P LOW PRICES, AS WE PROVE MATHEMATICALLY AND CON-
FIRM THROUGH THE PLOTS. KEVEN IF THE INVESTED
== DCA p-SmartDCA QUANTITIES APPEAR LOWER FOR ( f)p—SMARTDCA(O“t)
(f)p-SmartDCA ™ —— (f)p-SmartDCA ) AND (f)p—SMARTDCAUn) THAN FOR DCA, THEY CAN
BE MATCHED WITH A HIGHER ¢p, WHERE ¢, = pr = 1 IN
THE PLOT.
H DCA SmartDCA I 2-SmartDCA HEE 3-SmartDCA HEE (tanh) SmartDCA HEE (tanh) 2-SmartDCA
A [¢
S&P500 BTC
1.00 0.2
.
0.1 0.0
= 0.50
9]
= —0.2
0.25
e
0.00 ~04
20151002 20170027 20190024 20210917 20220102 20220412 20220721 20221029
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G Y G B Y W, W, W, Y, Y, %, %, %, %, 3
Y g g, %, N, R, %, %, % %, % %
% % % B % % T B % % < < > <%
Period (5 years) Period (1 years)

FIGURE 2. ROI on S&P500 and Bitcoin: SmartDCA outperforms DCA. WE SIMULATE A BUYER USING
DCA, p-SMARTDCA wiITH p € {1,2,3}, AND (f)p-SMARTDCA (%) wiTH p € {1,2} AND f = tanh. ALL SMARTDCA
VARIANTS ACHIEVE HIGHER RETURN ON INVESTMENT (ROI) THAN THE DCA, FOR ANY p CHOICE, ON BOTH THE
S&P500 AND BITCOIN. NOTICE THAT THE (f)p—SMARTDCA(OUt) VARIANTS ARE NOT PLOTTED IN THE UPPER PANELS
BECAUSE THEY WERE COMPLETELY OVERLAPPING WITH THEIR UNBOUNDED VERSION. THIS IS THE CASE SINCE THE
HIGH PRICES OF BOTH STUDIED ASSETS WOULD ACTIVATE THE LINEAR PART OF THE tanh, RESULTING IN VERY SIMILAR
RESULTS AS THE UNBOUNDED p-SMARTDCA. LOWER PANELS SHOW THAT THE SAME IMPROVEMENT OVER DCA CAN BE
SEEN IN EVERY SINGLE PERIOD OF FIVE YEARS FOR S&P500, AND EVERY SINGLE PERIOD OF ONE YEAR FOR BITCOIN.



VOL. 1 NO. 53

B. Improvements on SEP500 and Bitcoin
Investments

In this section, we backtest this fam-
ily of strategies using real-life case scenar-
ios. Since investment strategies are of in-
terest on an overall up-trend, we test them
on assets with long-term appreciating val-
ues. We are going to use the stock mar-
ket S&P500, an Exchange Traded Fund
which measures the market capitalization of
the United States 500 largest corporations.
This asset class is particularly attractive for
DCA investors because its estimated annu-
alized total return is around 9% (from Jan-
uary 1996 to June 2022) [11]. The other
asset we use is Bitcoin (BTC) [12], a digital
crypto-currency based on a decentralized
peer-to-peer electronic cash system. Bit-
coin has grown in popularity over the last
few years and has seen its price skyrocket,
with an average annual return of around
80% [13].

For the backtest, we fix the price of ref-
erence to the first price obtained in the
time series p, = p;, and we test p =
{1,2,3} along with the function tanh(©".
To evaluate the performance of these strate-
gies, we measure the Return on Investment
(ROI), computed as the net gains divided
by the costs. The simulations are per-
formed with kiwano-portfolio [14], using the
setting fast_backtesting. kiwano-portfolio is
an open-source trading software created by
the authors. As it can be seen in Fig. 2, all
p-SmartDCA and (f)p-SmartDCA variants
outperform the DCA ROI, as we expected
given our mathematical proofs. We show
in the upper panels how the distance with
DCA compounds over time. We also show
in the bottom panels that the improvement
over DCA can be seen in all five-year pe-
riods considered for the S&P500 and all
one-year periods for Bitcoin. One can note
that even for periods of loss, the SmartDCA
strategies still manage to lose less than the
DCA.

C. Adapting f on past data

Note that if the shape of f and the refer-
ence price p,. are not chosen carefully, the fi-
nal quantity bought can be very low, even if
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it was bought at an excellent price per unit.
To address this issue, we propose adapting
the sensitive part of a sigmoid curve to the
maximal and minimal prices of the previous
year:

(37) f(z) = sigmoid((x — zo)/\)

with Ty = (ymaw + ymzn)/2 and A = (ymaw -
ymzn)/8 We define Ymage = MMax; 1/pz
and Y, = min; 1/p; over the prices of
the previous year. We refer to the re-
sulting strategy as the (sig+) SmartDCA.
As you can see in Table 1, assuming a
base cost investment of ¢, = 1% in Bit-
coin each day, 3-SmartDCA achieves the
best ROI and p (price per unit), but it
comes with an investment over twice our
base cost. On the other hand, the bounded
(tanh) SmartDCA achieves the second best
ROI and p, but buys a negligible quan-
tity of Bitcoin. By adapting the shape
of the sigmoid, we manage to maintain
a better ROI and g than DCA, and pur-
chase an amount significantly closer to our
desired base cost. Finally, one can ob-
serve that multiplying by three the base
amount of dollars invested per day with
(sig+) SmartDCA, would roughly result in
the same final quantity of asset obtained
with DCA, while keeping a lower p and
higher ROL.

IV. Discussion and Conclusion

We showed that the DCA, and Regu-
lar Investing, are elements of a broader
category of strategies that we called
(f)p-SmartDCA, with f a positive mono-
tone increasing function, and p the expo-
nent applied to a modulator for a refer-
ence price p,, and a base cost ¢, such
that the suggested investment at time i is
cvf (pr/pi)?. For each of these strategies,
we computed the average price per unit p,
and were able to demonstrate mathemat-
ically that they follow a decreasing order
with p:

(38) Ho 2= M1 2 flg 2 .o 2 [y

As such, we proved that the DCA corre-
sponds to a 0-SmartDCA, outperformed by
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Strategy w($/BTC)  qot (BTC) ¢ (3) ROI
DCA 10942.8 0.166 1827  1.518
(sig+) SmartDCA 8893.6 0.058 516.3 1.868
(tanh) SmartDCA 7134.8 2.340-107°  0.166 2.328
3-SmartDCA - 47905 0.873 ~ 4180.9 [N3¥6N

TABLE 1—Finetuning is required to buy substantial quantities.

IF UNCHECKED, THE SMARTDCA VARIANTS

CAN END UP BUYING ONLY SMALL QUANTITIES OF THE ASSET. HERE WE SHOW THAT THE DCA BUYS AT WORSE PRICE

PER UNIT THAN (tanh) SMARTDCA BUT THE LATTER BUYS ONLY A VERY SMALL TOTAL AMOUNT OF BITCOIN (0.166$),

FROM 2017 TO 2023. INSTEAD THE 3-SMARTDCA, WILL SUGGEST TO INVEST AN AMOUNT OF CAPITAL POTENTIALLY

MUCH HIGHER THAN FORESEEN (4180$), DESPITE AN EXCELLENT ROI. ADJUSTING THE SLOPE AND THE CENTER OF

A SIGMOID YEARLY WITH DATA OF THE MAXIMAL AND MINIMAL PRICE OF THE PREVIOUS YEAR, ALLOWS TO KEEP A

BETTER PRICE PER UNIT AND ROI THAN DCA, WHILE MAINTAINING THE TOTAL QUANTITY BOUGHT TO 516.3$, BELOW

OUR CHOSEN MAXIMUM OF 1827$, THAT CORRESPONDS TO ONE DOLLAR PER DAY.

all (f)p-SmartDCA for p > 0. Notice that
the buying events could be placed randomly
in time and p-SmartDCA would still out-
perform the DCA, since a regular time as-
sumption was never used in the Theorems.
The regularity in the investments is to over-
take human psychology and the tendency to
go into investments when they are popular
and therefore, likely to tip.

Moreover, we introduced the quasi-
Lehmer means and its generalizations to
be able to prove that a wide family
of (f)p-SmartDCA mathematically outper-
forms the DCA. Finally, we empirically con-
firmed our theoretical findings on random
data and on the S&P500 and Bitcoin his-
torical data: (f)p-SmartDCA is superior to
DCA.

To finish, in Appendix B, we were able to
further generalize our proof by the use of
quasi-Gini means for Thm. 5 and Thm. 6,
and in future work one could potentially de-
sign even more universal investment strate-
gies based on these new theorems.

REFERENCES

[1] J. Lars Kirkby, Sovan Mitra, and Duy
Nguyen. An analysis of dollar cost av-
eraging and market timing investment
strategies. Furopean Journal of Op-
erational Research, 286(3):1168-1186,
2020.

[2] Gary Smith and Heidi Margaret Ar-
tigue. Another look at dollar cost

averaging. The Journal of Investing,
27(2):66-75, 2018.

Lee M Dunham and Geoffrey C
Friesen. Building a better mouse-
trap: Enhanced dollar-cost averaging.
The Journal of Wealth Management,
15(1):41-50, 2012.

Anna Kapalczynski and Donald Lien.
Effectiveness of augmented dollar-cost
averaging. The North American
Journal of Economics and Finance,

56:101370, 2021.

Brian C Payne and Jeffery Bredthauer.
The Isi or dca decision: investing
strategies for the lump sum averse.
International Journal of Financial
Services Management, 6(4):263-272,
2013.

Peter S Bullen. Handbook of means
and their inequalities, volume 560.
Springer Science & Business Media,
2003.

Peter S Bullen, Dragoslav S Mitri-
novic, and Means Vasic. Means and
their inequalities, volume 31. Springer
Science & Business Media, 2013.

Janusz Matkowski and Malgorzata
Wrébel.  On the beckenbach—gini—
lehmer means and means mappings.
Mathematics, 8(9):1569, 2020.

Wikipedia. Lehmer mean - Wikipedia,
the free encyclopedia, 2023.



VOL. 1 NO. 53 SMARTDCA SUPERIORITY OVER DCA

[10] Stanislav Sykora. Mathematical means
and averages: basic properties. (July
2009):9-10, 2009.

[11] Vartika Gupta, David Kohn, Tim
Koller, and Werner Rehm. Markets
will be markets: An analysis of long-
term returns from the S&P 500, 2022.

[12] Satoshi Nakamoto. Bitcoin: A Peer-
to-Peer Electronic Cash System. 2008.

[13] Lazy Portfolio ETF. Bitcoin (BTC):
Historical Returns, 2023.

[14] Emmanuel Calvet, Luca Herranz-
Celotti, and Karim Valimamode. Ki-
wano Portfolio: Portfolio management
for cryptocurrencies, 2022. Software
available at github.com/onekiwano/
kiwano_portfolio.


github.com/onekiwano/kiwano_portfolio
github.com/onekiwano/kiwano_portfolio

VOL. 1 NO. 53 SMARTDCA SUPERIORITY OVER DCA 1

Appendix
A. SmartDCA superiority over DCA over m-buying events

Notice that Theorems 1 and 2 are essentially special cases of Theorem 4 for f the identity
function, and only the proof of Theorem 4 would therefore be necessary. However, we show
here a simpler proof for Theorem 1.

Theorem 1 (SmartDCA superiority over DCA). Over m-buying events, investing through
the SmartDCA results in better price per unit than investing through DCA.

PROOF:
Using the SmartDCA, the quantity ¢ of asset we are going to buy is:

Cyp Pr Cp Pr C -
(39) q:lp7+7bg+...+7bp7
P11 D2 D2 Pm Pm
"1
(40) = Cbpr(z I?)

i=1

On the other hand, the cost of these transactions is:

(41) c:cb(&+&+...+pf)
D1 D2 Pm
1
(42) = cbpr(z f)
im1 Pi

This results in the following average price:

C CoPr 2111 %
(43) - = 7mp1

q CyPr 21:1 P2

mo 1
(a4 et
Zi:l p2

Now we need the equivalent quantity in the case where the investor used the standard
DCA strategy. In the DCA case, we have the following:

(45) c=mae
1
(46) qg=cp Z —
i—1 Pi
c m
(47) - = =

qa D P

To establish the superiority of the SmartDCA over the DCA we have to prove the fol-
lowing inequality:
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(48)
(49) m i -
(50) - (zm: l)

where in the second line we rearranged the factors to make the proof easier. Now we start
from the left-hand side of the inequality, and we use the Cauchy-Schwarz (CS) inequality
to prove that the inequality is actually true:

(51) mii_(iﬁ) vm pl?

=1 p =1 1=
(52) > (il-;_)Q cs
() -2

which is exactly what we wanted to prove. QED



VOL. 1 NO. 53 SMARTDCA SUPERIORITY OVER DCA 3

B. Quasi-Lehmer means

Let’s define two quasi-Lehmer means:

ZZl xi f (2;)° I, (z) = 2211 z f (x7)

(54) L () = SN

X S g

as two generalizations of the Lehmer mean [6, 7]:

(55) Ly(x) =

that was used to prove Theorem 2. Now we want to understand if they are monotonic
increasing with p.

Theorem 3 (quasi-Lehmer means monotonicity). If p < p’ and f is positive and monotonic
increasing then L") (x) < LE)?“t)(a:), and therefore L") (x) is monotonic increasing with
p. However, Lgi") (x) is not in general monotonic increasing with p.

PROOF:

We proceed by showing that their derivative with respect to p is always positive given
the Theorem assumptions, to determine that they are monotonic increasing with p. After
taking the derivative and factorizing, in (x) we split the summation into terms that are
1> j,1=j,and i < j, notice that they are zero for i = j, and change the notation from
1,7 — J,1, when 7 < j:

(out) Doty Tif (:)”
(56) Lp—i—l (x) = Z:n:l F(z,)”
2211 f(z;)? - Z’Z; z; f (z:)" log f(x;)
sy k(@ - S f)rlos flay) XL af ()
dp (Xojm f(zj)r)?

S wef (20)7 £ ()7 (log f(:) = log f(z))
(Xom flas)r)?
Siny wif (@) f () (10g f(:) — log f(5))
1 f ()0 f (:)7 (10g f (2;) — log f () )
(i f(z)r)?
S ooy £ (@) F(23)0 (s = 25) (Tog f(w:) — log f ()
m _ >0
(Zj:l f(:L'j)/’)

Since f(-) and log(-) are monotonic increasing, then log f(-) is monotonic increas-
ing. This means that if z; > z; then log f(z;) > log f(x;), by definition of mono-
tonic increasing. Therefore if x; — z; > 0 then log f(z;) — log f(x;) > 0 and we have
(x; — z;)(log f(x;) —log f(x;)) > 0. In the opposite case, when x; < x;, by the monotonic

increasing property we have log f(z;) < log f(z;), which we can rewrite as z; — z; < 0
implies log f(z;) — log f(z;) < 0, and therefore the multiplication of two negative numbers

(58) =

(60) =




4 PAPERS AND PROCEEDINGS 08 2023

is positive. This proves that all the summands in Eq. (60) are positive; therefore, the sum
is positive.

t . . . . . oy
As a consequence, L(p‘fl)(a:) will be monotonic increasing as long as f is positive and

monotonic increasing. However, if we follow the same steps for Lff]:i (x), we get:

7,0m) _ Z:il z f(x7)
A v ¥ [
S faf) - S0 i f af)a? g,

o W@ S FGheloss S e (el)
9p (O, f(ah))?

2 [f(l’f)f’(xf)x,»xf logz; — f(xf) f'(xf)x,xf log :1:31
o N (7, f@h)?

> {f(wﬁ)f’(xf)xix? logz; — f(2f) f'(xf)z:xf log z; ]
(64) _ L+ f@) e log wy — f(2) £ (a)a e log @

(O, f(2h))?

> [f(wé-’)f’(xf)xf log z;(z; — x;)

(65) _ i>j — f(xf);f’(x?)l'? log z;(z; — x;)
(O, f(ah))?
(66) _ 2y F@) [ (@7)(a log z; — aflog z;) (2 — ;)
(X, f2h))?

(67) _ Zi>j f(wjp)af(y)/ay pril(xf logw; — ZE? log z;)(z; — x;)

(O25m f(f))?

Even when assuming p > 0 and f positive and monotonic increasing, it will only be positive
if 2” log x is monotonic increasing with . However, we show in the following that it is not
generally the case. In fact:

0
(68) 8—1‘” logz = pz” *logx + o *
T

(69) = 2" Yplogx + 1)

which is positive only if plogz +1 > 0 and therefore only for x > ¢~7. In other words,
L(pzfi(w) is monotonic increasing with p, if p > max{—1/logz,0} or p < min{—1/logx,0},
so it’s not in general monotonic increasing with p. QED.

For the sake of completeness, we also define the correspondent quasi-Gini means for
p+1+#~vas:

(000 () _ 2f<>> - :(Zf<>>
(70) Gy () ( S () , G, (x) S )

that become the quasi-Lehmer means for p = . Note that an analogue to Theorem 3 is
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also valid for higher quasi-Lehmer moments, defined as:

(our) (v _ i i ()"
() Lonel®) = Semsr

Theorem 5 (quasi-Lehmer moments monotonicity). If p < p', € > 1 and f is positive
and monotonic increasing then L;(jgt) (x) < Lfﬂf?) (@), and therefore Lg’gt)(w) is monotonic
increasing with p.

PROOF:
We proceed similarly as to prove Theorem 3:

(72) L (z) = .-

p+1.€
. _ oy f@)ra)tef - of)(log (o) ~og fla)
() - OIENDE -

which is still monotonic increasing for positive monotonic increasing f because :Uf is also
monotonic increasing for £ > 1. QED

As you can see, the same can be proven for the more general case:

(74) R T

Theorem 6 (quasi-Lehmer expectation monotonicity). If p < p', f is positive monotonic
increasing, and g monotonic increasing, then LE)‘,’;”) (x) < Lﬁffjj)(ac), and therefore LE)‘,’;‘” ()
is monotonic increasing with p.

where the proof follows the exact same steps as the two previous proofs, but e.g. replacing
z* by g().

C. (f)p-SmartDCA (") superiority over DCA

Theorem 4 (The higher the p, the better the (f)p-SmartDCA ™). Investing through the
(f)p-SmartDCA™) results in better price per unit over m-buying events, if we increase p.

PROOF:

We proceed as before, we start with the p-SmartDCA*™) at each time step, we invest
an amount proportional to a base cost ¢, and take the ratio of the reference price p, and
current price:

(75) 0= cb(ii;;f(?;:)p)

(76) e (i ()

Now consider the quasi-Lehmer out mean we defined in the main text:
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77 Lo _ Liza @i (2:)
( ) ot Zi:1 f({]ji)/)

We will make use of the result of our Threorem 3, the fact that p < p/ = Lg"”t) (z) <
L (). Using the notation r; = p, /p;, if p < p' we can write
p

C
(78) Hp = 6
- X ey
S ()
1
(80) -
LE>+1t)(7")
1
(81) > o=y,
Ly "

which ends the proof. QED.



